In an attempt to find minimal scenarios we study the implications of Dirac and Majorana mass matrices with texture zeros within the type I seesaw mechanism. For the Dirac mass matrices we consider 5 zero textures which we show to be the most minimal form that can successfully account for low energy phenomenology if the Majorana mass matrices are chosen minimal as well. For those, we consider both diagonal and even more minimal non-diagonal forms. The latter can be motivated e.g. by simple U (1) flavour symmetries and have two degenerate eigenvalues. We classify the allowed textures and discuss the ramifications for leptogenesis and lepton flavour violation. *
Introduction
Spectacular results from neutrino oscillation experiments in the past decade have established the existence of neutrino masses and lepton mixing on firm footing. However, the smallness of the neutrino masses still continues to be an enigma. The most elegant mechanism for generating small neutrino masses is the seesaw mechanism in which one adds heavy right-handed singlets (type I) [1] , scalar triplets (type II) [2] or fermion triplets (type III) [3] to generate small neutrino masses at low scale. In the context of the type I seesaw mechanism the mass matrix for the left handed neutrinos obtained through seesaw diagonalization depends on the Dirac type Yukawa coupling matrix of the neutrinos (m D ) as well as on the bare Majorana mass matrix (M R ) of the heavy right handed neutrinos:
(1.1)
Reconstruction of seesaw mass matrices from low energy observations is a challenging task. The main problem is the mismatch in the number of parameters because in general the seesaw framework contains more parameters compared to what can be obtained from measurements at low energy and it is not possible to fix the high energy parameters entirely from low energy data [4] (for an overview, see [5] ). One possible solution is the appearance of "texture zeros". In general, "zeros" imply vanishingly small entries in the mass matrices whose origin can be traced to flavour symmetries. Consideration of texture zeros in the seesaw mass matrices provides an useful way to handle the problem of parameter mismatch since assumption of texture zeros leads to a reduction of the number of parameters at high scale and thus strengthens the predictive power of the model. Implications of two texture zeros in the low energy Majorana mass matrix have been studied in [6, 7, 8] and one texture zero have been studied in [9] (see also [10] for the case of additional equality of mass matrix entries). Texture zeros in both the charged lepton and neutrino mass matrices have been studied in [11] .
Within the framework of seesaw mechanism it is often considered more natural to consider texture zeros appearing in the Yukawa coupling matrix m D and/or the right-handed Majorana mass matrix M R [12, 13, 14] . In particular, it has been shown in [13] that if M R is diagonal and if one assumes that all light neutrino states are massive then the maximal number of zeros that can be accommodated in m D is four. The phenomenology of those cases is studied in detail in Ref. [14] . We will relax this assumption here since the low energy data allow one of the neutrino states to be massless. In that case, as we show, even with a diagonal M R one can obtain allowed textures consistent with low energy observations for a m D with 5 zeros. The results in [13] were obtained assuming both the charged lepton mass matrix and the heavy neutrino mass matrix to be diagonal. We also relax the assumption of a diagonal M R . However, we insist in non-singular M R in order to avoid light right-handed (sterile) neutrinos. With this constraint we find that the maximal number of zeros that is possible for M R is four and only three such matrices have a nonvanishing determinant. Interestingly these matrices obey
and L e − L µ flavour symmetry. We investigate if it is possible to have allowed textures assuming the above forms for M R and m D with 5 zeros, and find that such textures are disallowed by low energy constraints. It is easy to convince oneself that more zeros in m D are not allowed for the minimal forms of M R that we study [15] . To complete the survey we consider the implications for Lepton Flavour Violation (LFV) and leptogenesis for the allowed textures surviving the constraints from low energy phenomenology.
The plan of the paper goes as follows: in the next Section we discuss the seesaw phenomenology including its manifestation for leptogenesis and LFV. In Section 3 we perform the texture analysis for m D with 5 zeros for both diagonal M R (3 zeros) and nondiagonal M R with 4 zeros and obeying simple flavour symmetries. The results in terms of allowed and disallowed textures are presented in Section 4. Apart from low energy phenomenology, we also discuss the implications for leptogenesis and LFV for the allowed solutions. Finally we make some comments on Dirac matrices with more than 5 zeros and conclude in Section 5.
Seesaw Phenomenology
The low energy neutrino mass matrix given in Eq. (1.1) is symmetric and can in general be diagonalized with a unitary matrix as
where D ν is diagonal, real and positive and contains the mass eigenvalues for the lefthanded neutrinos: D ν = diag(m 1 , m 2 , m 3 ). In the basis in which the charged lepton mass matrix is real and diagonal, V ν coincides with the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix U and the standard parametrization for this matrix is: Here c ij = cos θ ij , s ij = sin θ ij , δ is the Dirac-type CP-violating phase and the Majorana phases α and β are contained in the matrix P = diag(1, e iα , e i(β+δ) ). While all phases are currently unconstrained, the other mixing parameters are determined with increasing precision. Table 1 summarizes the results from Ref. [16] .
Neutrino oscillation experiments are sensitive to the Dirac CP-phase δ. Instead of the phase δ it is often more common to use the rephasing invariant quantity J CP (Jarlskog invariant) Table 1 : Current best-fit values as well as 1 and 3σ ranges of the oscillation parameters [16] .
Another place where CP violation in the lepton sector plays a useful role is leptogenesis, even though in general the low and high energy CP violations can be completely uncorrelated. Both leptogenesis and the later to be discussed Lepton Flavour Violation (LFV) need to be evaluated in the basis in which M R is real and diagonal with
In general the Majorana mass matrix M R is non-diagonal in the basis where the charged current is flavour diagonal. It is thus written as
After performing a basis rotation so that the right-handed Majorana mass matrix M R becomes diagonal by the unitary matrix U R , the Dirac mass matrix m D gets modified to
Considering the decay of one heavy Majorana neutrino N i into the Higgs and lepton doublets, the CP asymmetry generated through the interference between tree level and one loop heavy Majorana neutrino decay diagrams is given as [17] (2.6) where
In the MSSM, the function f (x) has the form [17] f
Here ε α i describes the decay asymmetry of the right-handed neutrino of mass M i into leptons of flavour α = e, µ, τ . If the rest-mass of the lightest heavy neutrino is much lighter than the other two, i.e. M 1 ≪ M 2,3 , the lepton asymmetry is dominated by the decay of this lightest of the heavy neutrinos. In this case
Moreover, only the first term, proportional to I α 1j , in Eq. (2.6) is relevant since the second term proportional to J α ij is suppressed by an additional power of M 1 /M j . Let us mention here that we will find all J α 1j to be zero for the successful textures. Note furthermore that the second term in Eq. (2.6) vanishes when one sums over flavours to obtain the flavour independent decay asymmetry:
The expressions given above for the decay asymmetries are valid for the MSSM. Their flavour structure is, however, identical to that of just the Standard Model.
Equally important in leptogenesis are effective mass parameters that are responsible for the wash-out. With our assumption that a single heavy neutrino of mass M 1 is relevant for leptogenesis, the wash-out of every decay asymmetry ε α 1 is governed by an effective mass
The summation ofm α 1 over the flavour index α yieldsm 1 , which is the relevant parameter for the wash-out of ε 1 . One needs to insert the effective masses in the function
The final baryon asymmetry is [18, 19, 20] 
(m Here we have given separate expressions for one-, two-and three-flavoured leptogenesis.
The three-flavour case occurs for M 1 (1 + tan 2 β) ≤ 10 9 GeV, the one-flavour case for M 1 (1 + tan 2 β) ≥ 10 12 GeV, and the two-flavour case (with the tau-flavour decoupling first and the sum of electron-and muon-flavours, which act indistinguishably) applies in between.
Another possible part of seesaw phenomenology is Lepton Flavour Violation (LFV) in supersymmetric seesaw scenarios. Decays such as ℓ i → ℓ j γ, with flavour indices i, j spanning (1 = e, 2 = µ, 3 = τ ) can depend on the same parameters, though in a different form, as the light neutrino masses. In mSUGRA scenarios with universal boundary conditions for scalar sparticle mass matrices, renormalization effects from M X down to the scale of the heavy neutrino masses induce off-diagonal entries in the slepton mass matrix [21] : 13) where the diagonal matrix L is defined as 14) with M k being the mass of the k th right-handed neutrino. The constant c in the RHS of Eq. (2.13) depends on certain supersymmetry parameters of mSUGRA, specifically the universal scalar and gaugino masses and the universal trilinear scalar coupling as well as on tan β. However, we are not interested here in the exact magnitude of the branching ratios. We shall instead study the vanishing of certain branching ratios or the ratio of branching ratios, which is independent on the constant.
Texture Analysis

Criteria for successful Candidates and their Phenomenology
Once we have evaluated the low energy neutrino mass matrix from m D and M R containing zero entries, it turns out that invalid cases can easily be ruled almost at first sight.
First of all, the rank of m ν should be at least two. The resulting m ν will have zeros in most of the cases. A very powerful result obtained in [6] is that low energy Majorana mass matrices with more than 2 zeros are not consistent with data * . From the 15 possible two zero textures † only seven are found to be consistent with the data. The allowed patterns are characterized by the simultaneous vanishing of the ee-and eµ-, the ee-and eτ -, the eµ-and µµ-, the eτ -and µµ-, the eτ -and τ τ -, the eµ-and τ τ , and finally the µµ-and τ τ -entries. The first two possibilities are only possible for a normal hierarchy, the latter five only for quasi-degenerate neutrinos. In particular, if e.g. one neutrino mass is zero then it is not allowed that (m ν ) µµ = (m ν ) τ τ = 0. If the µτ entry of m ν is zero, then no other entry is allowed to vanish. Regarding the presence of only one zero entry in m ν , an important information is that if the determinant of m ν vanishes, then the µτ element can not be zero [9] .
Another necessary result to take into account is the "scaling" behavior of m ν [23, 24, 25] . This denotes the following form of the mass matrix:
This form necessarily occurs regardless of the form of M R if the third row of m D multiplied with c is equal to the second row [25] . In the context of texture zeros, this means that each of the second and third row of m D contain only one entry in the same column. Alternatively, the second row is zero and the third row contains only one non-zero element. The low energy matrix in Eq. (3.1) is only compatible with an inverted hierarchy, m 3 = U e3 = 0 and tan 2 θ 23 = 1/c 2 . Solar neutrino mixing is unspecified by the above matrix, and the effective mass governing neutrino-less double beta decay is m = ∆m
There are in principle other variants of scaling, which will result in m ν similar to Eq. (3.1), but with the first and second, or first and third column correlated. These are incompatible with data and can be identified already by the form of m D .
The simple set of properties summarized here is basically all what is needed to distinguish the allowed possibilities from the disallowed ones. A somewhat more tricky situation is dealt with in Section 4.2.
Let us also comment on the possible impact of the Renormalization Group (RG) effects [26] on the allowed textures. The matrix m ν that we obtain through seesaw diagonalization is at a high scale determined by the masses of the heavy neutrinos. Therefore it is expected that the low scale predictions will be affected in general by the RG effects. However the impact is in general small for hierarchical mass spectrum ‡ . It is also well known that the RG effects on the mass matrix m ν are multiplicative in nature. Therefore we expect a zero to remain a zero even after RG evolution. Thus, an allowed texture is expected to be stable against RG corrections [28] . One can also show that mass matrices with the scaling property are stable against RG effects [23] .
Finally, we would like to mention that we do not take into account the fine-tuned possibility that the low energy texture zeros are resulting from cancellation of terms.
M R more minimal than diagonal
Heavy neutrino mass matrices in diagonal form contain three independent zeros. One can become even more minimal by choosing the following, non-singular matrices with four ‡ Considerable running even for normal hierarchy can be obtained if running in between the mass scales of the individual heavy neutrinos is taken into account [27] . In order to have our conclusions and findings stable against such effects, we therefore need to assume that the zeros are protected by the same symmetry which is responsible for them.
independent zeros:
and L e − L µ , respectively § . Majorana (and thus symmetric) matrices with 5 or more zeros are all singular, lead to light sterile neutrinos and will not be studied here. As we will see, an exactly diagonal M R leads to allowed forms of m ν either with scaling or with single zero entries. Using the above textures of M R will give typically two simultaneously vanishing entries in m ν .
With m D being a in general non-symmetric 3 × 3 matrix, there are N =
9
C n possibilities to place n zero entries in it. We therefore have e.g. N = 126, 84 and 36 if n = 5, 6 and 7. With our analysis aiming at 5 zero textures in m D and with the four forms of M R , there are in total 504 candidates. Most of them can be ruled out by the arguments given in Section 3.1.
Results
In what follows we classify the allowed textures of m D and M R in terms of the allowed forms of the low energy Majorana mass matrix m ν .
Diagonal M R
If M R is diagonal then we find in total 18 allowed cases, all of which generate a vanishing determinant for m ν :
(i) six of them have a vanishing eµ entry in m ν . The cases are listed in Table 2 .
(ii) another six contain a vanishing eτ element. The cases are listed in Table 3 .
(iii) the remaining six fulfill the scaling condition in Eq. (3.1). The cases are listed in Table 4 .
Let us first discuss the neutrino mixing phenomenology. The predictions of mass matrices obeying scaling were given after Eq. (3.1). The other 12 cases are specified by a vanishing element in m ν and m 1 = 0 or m 3 = 0, depending on whether a normal or inverted hierarchy is present. In case of (m ν ) eµ = 0 it has been shown that in general θ 13 must necessarily be non-zero [9] . If m 1 = 0 then one finds from the condition (m ν ) eµ = 0 that We see that for m 2 ≃ m 1 ≫ m 3 the phase should be such that e 2iα ≃ 1. This value implies for the effective mass that m ≃ ∆m 2 A cos 2 θ 13 , i.e., there are basically no cancellations. We find numerically a lower value of |U e3 | > ∼ 0.005 when the 3σ ranges of the oscillation parameters are used, whereas for the 1σ ranges we get |U e3 | > ∼ 0.082. If the eτ -entry of m ν is zero, then similar expressions as Eqs. (4.1) and (4.2) are obtained, the only change to be made is that cot θ 23 should be replaced with tan θ 23 , which has little numerical consequences.
Turning to leptogenesis, we see from Tables 2, 3 and 4 that for all 18 cases there is only one physical phase present. In addition, there is always only one flavoured I α 1j present (which is equal to the unflavoured I 1j ) and the corresponding wash-out parameterm α 1 (which is equal to the unflavouredm 1 ) is non-zero. Note that in some cases m D is such that the neutrino with mass M 1 decouples. Then we have calculated the corresponding quantities for the second neutrino, i.e. I We have checked that for the cases with a vanishing eµ or eτ element in m ν the invariant J CP from Eq. (2.3), responsible for low energy CP violation in oscillations is non-zero and is proportional to the same phase factor as in I ij . For instance, if we consider 4) which gives m ν with m eµ = 0 for a diagonal M R , then the only non-zero I ij that we get is 5) to be compared with Thus we see that I τ ij and J CP contain the same phase factor sin 2γ 3 . Hence, the Dirac CP phase is always identical to the high-energy "leptogenesis phase". This conclusion is true for all the textures in Tables 2 and 3. An exception is when scaling in m ν is present, where there is no CP violation in oscillation experiments. Here it may be helpful to evaluate the invariant [29] 
In general, this expression is rather lengthy, but we can express it in simple form for the case of m 3 = 0 and U e3 = 0. Inserting these constraints in the standard parametrization of U from Eq. (2.2) and evaluating the invariant yields I eµ = −m 1 m 2 ∆m in terms of the low energy parameters. Similarly I eτ is also non-zero and depends on the same phase. I µτ is however zero. Note that α corresponds to the Majorana phase, the only physical low energy phase if scaling is present. In terms of the parameters of m D and M R , I eµ can be expressed in terms of the single phase that characterizes the Dirac mass matrices. For instance if we consider
from Table 4 , which gives m ν obeying the scaling property, then
We note from Table 4 that the same phase factor sin 2α 3 from I eµ also appears in I e 23 . Hence, for this case we can say that the Majorana CP phase crucial for neutrino-less double beta decay is identical to the high-energy "leptogenesis phase". This conclusion is true for all the textures in Table 4 . Finally, it is worth remarking that the fifth entry in Table 4 corresponds to the results of a model based on the flavour symmetry D 4 × Z 2 constructed in Ref. [23] .
Let us note that in the case of 4 zero textures [13, 14] there always was an ambiguity in what regards the one-to-one identification of low and high energy CP phases with each other. This is not the case for 5 zero textures.
Regarding LFV, in case the eµ entry of m ν vanishes, then also (m D L m † D ) 12 is zero. Hence, µ → eγ will not be detected if the only source of LFV is the supersymmetric seesaw with mSUGRA conditions studied here. The remaining, in general non-zero branching ratios turn out to be proportional to the respective elements of m ν . Consider the first matrix in Table 2 . The low energy mass matrix is 9) and for LFV we find
The ratio of BR(τ → eγ) and BR(τ → µγ) can however not be predicted in general because the a priori unknown heavy neutrino masses enter this ratio directly and via the factors L i . The qualitatively same situation is encountered for a vanishing eτ entry of m ν , in which case BR(τ → eγ) is zero and the other BR are proportional to the respective elements of m ν , but with different dependence on the heavy masses.
In contrast, if m ν obeys scaling, then no off-diagonal element of (m D L m † D ) ij vanishes. Consider the first matrix in Table 4 , for which
In particular, we can make the definite prediction
This relation is in fact true in every seesaw model leading to scaling [23] . A property of the textures is that the branching ratios are proportional to their respective mass matrix entries. We can calculate
Here, we have neglected ∆m 2 ⊙ with respect to ∆m 2 A . This ratio is naturally of order one, but can also vanish. Numerically, for the 1σ (3σ) ranges of the oscillation parameter the ratio is less than roughly 18.2 (42.9) . If α = 0, then it becomes (∆m
2 sin 2 2θ 12 /(16 sin 2 θ 23 ). Note that Eq. (4.12) implies that τ → eγ will be too rare to become observable.
Finally, it is worth mentioning if a µ-τ symmetric seesaw is possible. This would imply (4.14) This situation would lead to a µ-τ symmetric low energy mass matrix of the form
with U e3 = 0 and sin
. It can be seen from Tables 2, 3 and 4 that none of the allowed 5 zero textures is compatible with µ-τ symmetry. At low energy we can disregard this possibility at once for the cases of a zero (m ν ) eµ or a zero (m ν ) eτ entry. Namely, it would imply that also (m ν ) eτ and (m ν ) eµ are zero, which is not allowed by data. Regarding the matrices obeying scaling, there can be "accidental" µ-τ symmetry at low energy, namely if tan 2 θ 23 = 1. However, this is not a consequence of µ-τ symmetry of the seesaw mass matrices m D and M R .
Non-diagonal M R
If M R takes on the non-diagonal four zero textures in Eq. (3.2) then we can generate two zero textures in m ν . However, only four of the seven allowed two zero textures can be obtained. For each of the three possibilities L e − L µ , L e − L τ and L µ − L τ , at first sight 8 potentially successful cases survive:
• for every non-diagonal form of M R there are two cases with a vanishing ee and eµ entry in m ν . They have the additional property
• for every non-diagonal form of M R there are two cases with a vanishing ee and eτ entry in m ν . They have the same property given in Eq. (4.16);
• for every non-diagonal form of M R there are two cases with a vanishing eµ and µµ entry in m ν . They have the additional property
• for every non-diagonal form of M R there are two cases with a vanishing eτ and τ τ entry in m ν . They are subject to the condition
All 24 m ν have a non-vanishing determinant, hence no neutrino mass is zero. They also share the property of a zero invariant J CP , i.e., in the parametrization of the PMNS matrix applied here the CP phase δ is zero or π. However, it is known [6, 8] 
, the CP phase should be large because the small ratio of solar and atmospheric ∆m 2 is proportional to cos δ. Hence, these 12 cases can be disregarded at once.
In the cases with (m ν ) ee = (m ν ) eµ = 0 and (m ν ) ee = (m ν ) eτ = 0, it is extremely cumbersome to try to obtain analytical estimates from these equations. However, we have checked that no point in the allowed parameter space can simultaneously satisfy the two zero texture conditions and conditions (4.17) and (4.18) . The reason for this lies in a clash of the two zero textures which require hierarchical neutrino masses, whereas the additional conditions imply larger neutrino masses.
Dirac Mass Matrices with more than five Zeros
Finally, in this Subsection we shortly discuss Dirac mass matrices with more than five zero entries.
Among the 9 elements of m D which are in general complex the first non-trivial case with maximal number of zeros is 8. This implies 2 heavy neutrinos are completely decoupled from the light neutrinos and it is well known that one cannot explain the low energy phenomenology successfully with only one heavy neutrino coupled to the system. If m D contains seven zeros, then we find no valid m ν for the four minimal forms of M R under study. In fact we have checked that the above statement is true for the most general form of M R . One can group the The first two matrices will lead, irrespective of M R , in the seesaw mechanism to at least two vanishing eigenvalues in m ν and are thus ruled out in general. The third one can give two non-vanishing eigenvalues but we have checked that the final m ν contains more than 2 zeros for the most general form of M R and hence is disallowed.
For the case of 6 zeros in m D the possible types of patterns are (4.20) For m D 's of the first and third form, two eigenvalues of m ν are zero for a general M R . Hence these forms of m D are ruled out. For m D 's of the second type none of the eigenvalues of m ν are zero and these cannot be ruled out for a general M R . But we have checked that for the 4 types of M R that we consider here, the resultant m ν contains more than 2 zeros and hence are ruled out. For the m D 's of the fourth type one eigenvalue of m ν is zero but it contains more than 2 zeros in the flavour basis for a general M R and therefore are not allowed.
Thus we conclude that for diagonal M R the 5 zero textures in m D correspond to scenarios with a minimal number of free parameters. In total, we have a seesaw scenario with 8 zero entries, and if the charged leptons are also taken into account there are in total 14 zeros.
Conclusions and Summary
In this paper we have investigated the implications of Dirac mass matrices (m D ) with 5 zeros for seesaw phenomenology. For the Majorana mass matrices (M R ) we consider both diagonal and non-diagonal forms. The diagonal form contains three zeros. However we noted that more minimal forms of M R containing 4 zeros are possible. Three non-singular forms of (ii) 6 patterns with a vanishing eτ entry; (iii) 6 patterns obeying the scaling property with the 2nd and 3rd columns of m ν proportional to each other.
All these 18 cases have one zero mass eigenvalue. The phenomenology of the cases (i) and (ii) is quite similar: θ 13 is necessarily non-zero and sizable (at 3σ between 0.05 and 0.14 for the normal hierarchy and larger than 0.005 in the inverted hierarchy) and δ is in general non-trivial. Both normal and inverted hierarchy is possible. Matrices from category (iii) satisfying the scaling property imply U e3 = δ = 0 and the hierarchy is inverted. Leptogenesis is possible for all 18 patterns and for the first 12 cases the same phase is responsible for leptogenesis as well as low energy CP violation in neutrino oscillations. For the 6 allowed textures adhering to the scaling property the leptogenesis phase turns out to be the same as the Majorana phase responsible for possible cancellations in neutrinoless double beta decay.
We have also considered the manifestations of seesaw mechanism for LFV by considering supersymmetric seesaw with mSUGRA conditions as the only source for LFV. For the patterns with (m ν ) eµ = 0 the BR(µ → eγ) turns out to be zero. The BR(τ → eγ) and BR(τ → µγ) are proportional to (m ν ) eτ and (m ν ) µτ , respectively, but depend on the unknown heavy neutrino masses and hence no definite predictions are possible for these. Similar conclusions hold true for patterns with (m ν ) eτ = 0. For mass matrices obeying scaling properties definite predictions for LFV in terms of oscillation parameters can be made.
In conclusion, we have shown that with the minimal forms of the Majorana mass matrices that we have chosen (non-diagonal with 4 zeros and diagonal corresponding to 3 zeros) 5 is the maximal number of zeros in Dirac matrices that can generate successful low energy phenomenology. Table 2 : The Dirac mass matrix, the non-zero expressions relevant for leptogenesis and the corresponding wash-out factors. All these cases give m ν with one vanishing eigenvalue and (m ν ) eµ = 0. The right-handed neutrino mass matrix is always diagonal. Table 4 : The Dirac mass matrix, the non-zero expressions relevant for leptogenesis, the corresponding wash-out factors and the relevant part of the invariant for CP violation in neutrino oscillations. All these cases give m ν with scaling property between 2nd and 3rd column, i.e., an inverted ordering with m 3 = U e3 = 0. The right-handed neutrino mass matrix is always diagonal.
